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The period-doubling and concomitant subharmonic generation are numerically investigated for
RF-excited plasmas. Due to the plasma nonlinear capacitance, the current and the voltage wave-
forms are found to contain higher harmonic components and subharmonic components. Above
a certain power level of the driver, subharmonics which are indicative of a period-doubling(PD)
bifurcation are found to become dominant. The equivalent circuit equation modeling the nonlin-
ear capacitance of the plasma is solved numerically by using the Runge-Kutta-Gill method. The
period-doubling and the chaotic region are explored by varying the driver amplitude as well as the
driver frequency.

It has been known that a driven nonlinear RLC cir-
cuit can exhibit period-doubling (PD) and chaos. The
nonlinear element in the circuit is a varacter diode whose
capacitance varies as a function of the voltage across it
[1]. A capacitively coupled RF discharge system also
displays a similar characteristic that of a nonlinear RLC
circuit [2–4]. In this case, the nonlinear capacitance due
to plasma sheaths is known to be the cause of the period-
doubling and the bifurcations. The electrical character-
ization of an RF plasma processing system is quite im-
portant to understand the power dissipation mechanism
and to control the ion bombardment.

The chaotic behavior of an RF discharge system is de-
termined by the driver frequency, the applied RF voltage,
and the gas pressure, or by the feedback term of the time
delay [3]. Such chaotic behavior is classified as driven
chaos. In this study, we investigate the effects of the
driver frequency, the RF voltage, and the external cir-
cuit parameters on the characteristics of a driven chaos
system by using a numerical calculation of the equiva-
lent circuit equation. Also, we physically explain to the
formulation of the equivalent circuit equation.

When an electrical system with nonlinear impedance
characteristics operates periodically with frequency f ,
higher harmonics will be generated by the nonlinearity
at frequencies 2f, 3f, 4f, etc., and subharmonics will
also be generated at frequencies f/2, 3f/2, 5f/2, etc.
Above a certain power level of the driver, subharmonics
which are indicative of a period-doubling (PD) bifurca-
tion become dominant [2–4]. A further increase in the RF
voltage level beyond the PD threshold can lead to suc-
cessive stages of period multiplication that result in the

onset of chaos at a finite excitation level. Period-doubling
bifurcations manifest themselves in a driven system by an
alternation of state variables between different values on
successive cycles of the excitation waveforms. This cor-
responds to the generation of subharmonics (f/2) and
odd-multiples of the half-harmonic frequency.

Figure 1 is an equivalent circuit diagram of the RF
plasma system. One electrode is powered, and the other
is grounded. The plasma RF chamber is represented by
a parallel tuned circuit with Lp, Cp, and Rp, while the
resistance and the capacitance of both sheaths(inner and
outer) are represented by Rs and Cs, respectively. In ad-
dition to these, the external circuit values of Cext, Lext,
andRext contributes to the equivalent circuit parameters.
The plasma sheath capacitance is actually comprised of
two sheaths (inner and outer capacitances) in series. In
the usual circumstances, the plasma sheath capacitance
due to the sheath at the powered electrode dominates.

This circuit has two resonance frequencies [4]. The
first is the resonance frequency of the parallel circuit
ω1 = (LpCp)−1/2 (which is equal to the electron plasma
frequency). The second is ω2 = (LCeq)−1/2 where L and
Ceq are the equivalent inductance and capacitance of the
whole system, respectively. The equivalent capacitance
of the chamber, Cch, representing the RF chamber (the
bulk plasma and the sheath) is a complex function of
the driver frequency (w = 2πf), the plasma resistance
(Rp), the sheath capacitance (Cs), and the cell capaci-
tance (Cp) and is given by [4]

Cch = Cs
1

1−Q2Cs/Cp
(1)
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Fig. 1. The equivalent circuit representing the RF chamber
and the external elements.

where

Q2 =
ω2

1/ν
2
eff − 1

1 + ω4
1/ω

2ν2
eff

.

Here, the effective collision frequency (νeff ) is the sum
of the electron-neutral collision frequency (ν) and the
stochastic heating frequency (νst).

Combining with the external capacitance, the capaci-
tance of the equivalent circuit is written as

Ceq =
Cext

1 + Cext
Cch

. (2)

Thus, the charge Q on the capacitor obeys

L
d2Q

dt2
+R

dQ

dt
+

Q

Ceq
= V (t) (3)

where V (t) = Vrf cos(2πft) is the applied voltage and R
is the equivalent resistance of the whole system.

Since the sheath capacitance depends on the control
parameters in a complicated way, its dependence on the
applied RF voltage is not simple [5]. There have been

Fig. 2. The variation of the normalized current with the
driver amplitude for three different values of the driver fre-
quency around γ = 2.0.

some assumptions concering the functional dependence
of Ceq on V (t). One of them is [3]

Ceq =
C1

1 + kVc
(4)

where C1 is a constant capacitance, k is a constant, and
Vc is the voltage across the capacitor Ceq. Comparing
Eq. (4) with Eq. (2), we note that the dependence of Cch
on the driver frequency is neglected in this assumption. If
we assume Q2 � Cp/Cs, then we have Cch ' Cs. Along
with these, Eq. (4) assumes Cs ∼ 1

Vc
. This is a simple-

minded approximation. Since the sheath capacitance is
inversely proportional to the sheath width, which is a
nonlinear function of the applied rf voltage [5,6], we treat

Table 1. Values of parameter.

Symbol Values Normalized Symbol Values

RF frequency f 12.86 MHz γ 1.8
13.39 MHz 1.95
13.56 MHz 2.0
13.90 MHz 2.05

Inductance L 7.6 µH
Capacitance C1 72.50 pF
Resistance R 104.8 Ω α 0.1
Time step ∆t 10−9 sec τ 4.2601 × 10−2

Driver amplitude Vrf ε 0 - 2.2
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Fig. 3. The phase-space diagrams (q, q′), the poincare maps, and their Fourier spectra for various driver amplitudes. Here,
γ=1.95, α=0.1: (a) ε=0.2, (b) ε=0.5, (c) ε=1.2, (d) ε=1.23, and (e) ε=1.3.

this nonlinearity in an alternative formula as

Ceq = C1e
−kVc . (5)

Using the normalization

q =
Q

C1Vrf
, τ = t

√
1

LC1
, γ = 2πf

√
LC1
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Fig. 4. The variation of the normalized current with the
driver amplitude for the driver frequency γ=1.79 and the re-
sistance α=0.1.

α = R

√
C1

L
, ε = kVrf ,

Eq. (3) with Eq. (5) can be written in a dimensionless

Fig. 5. The phase-space diagrams (q, q′) and the poincare
maps for various driver amplitudes around ε=0.8. A slight in-
crease in ε results in chaotic behavior: (a) ε=0.80, (b) ε=0.81,
(c) ε=0.815, (d) ε=0.817, (e) ε=0.818, and (f) ε=0.82.

Fig. 6. The threshold driver amplitude (ε) for period-
doubling as a function of the driver frequency (γ).

form as

q′′ + αq′ + qeεq = cos(γτ), (6)

where the prime denotes differentiation with respect to
τ .

This nonlinear equation gives rise to the period-
doubling. If Vrf is greater than some threshold value,
the solution of Eq. (6) has subharmonics (the multi-
ples of f/2); in other words, the period-doubling phe-
nomenon can happen in the discharge current. The value
of a period-doubling threshold is a complex function of
L, R, Cp, Cext, Cs, and f . The gas pressure, p, may be
related to the system impedance L, R, Cp, and Cs. The
analytic theory [3] indicates that the lowest PD threshold
occurs at f = 1/π

√
LCeq, that is, two times the resonant

frequency of the system (ω2/2π). In other words, the
driver frequency which doubles the resonance frequency
of the system can easily result in PD.

The formation of the plasma sheath is considered to be
associated with the difference of motions between highly
mobile electrons and heavy positive ions. The sheath
capacitance is inversely proportional to the sheath thick-
ness [5]. The nonlinear sheath capacitance may be ex-
plained alternatively by taking into account the possi-
bility of a sheath instability which arises when the ion
transit time through the sheath is comparable to the RF
period [7].

In this study, the period-doubling characteristics are
investigated for an Ar glow plasma generated by an RF
discharge with varying normalized driver amplitudes (ε)
and driver frequencies (γ) (in a large range around the
resonance frequency of the equivalent circuit). The re-
sults obtained are presented in a kind of phase diagram
in two-dimensional parameter space (γ, ε).

Figure 2 shows the bifurcation diagrams calculated by
solving Eq. (6) numerically using the Runge-Kutta-Gill
method. Three values of the driver frequencies, γ=1.95,
2.0, and 2.05, are considered. The driver amplitude ε is
increased in steps of 0.01. Raising ε, one sees the bifur-
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cation sequence.
Figure 3 shows the phase-space diagrams (q, q′), the

poincare maps, and their Fourier spectra for various
driver amplitudes. The driver amplitude increases from
(a) to (e). By gentely raising the driver amplitude, it
is possible to see a very clear period-doubling sequence.
By further increasing the driver amplitude, one observes
additional bifurcations, chaos, and then an alternation of
windows of periodic and chaotic motions.

In Fig. 4, the variation of the normalized current with
the driver amplitude for the driver frequency γ=1.79 and
the resistance α=0.1 is shown in a finer grid in ε around
ε=1. In Fig. 5, the phase-space diagrams (q, q′) and
the poincare maps for various driver amplitudes around
ε=0.8 are shown. We note that a slight increase in ε
results in chaotic behavior.

The results of the calculation are summarized in the
(γ, ε) phase diagram in Fig. 6. The diagram shows the
kind of oscillation for each value of the driver frequency
and the driver amplitude. For example, taking a driver
frequency of γ=2, one finds the following behavior: For
a small value of ε, the system oscillates with the same
period as the driver. For increasing values of ε, the sys-
tem suddenly oscillates with a double period. With a
further increase of ε, we find the mixed state of P1 (pe-
riod 1) and PD. Above a certain level of ε, we observe the
mixed state of P1 and P4. If we investigate these win-
dows on a finer grid scale, we find a normal Feigenbaum
period-doubling cascade 4,8,16,· · ·, ending in the chaotic
region. Finally, we reach the P1 state again. This agrees
with our previous study [8] using a particle-in-cell simu-
lation in which the PD domain in the pd (pressure times
electrode gap distance) vs. period-doubling threshold-
voltage curve has several windows in which PD is not
found.

In conclusion, the nonlinear characteristics of an RF
glow-discharge Ar plasma around a driver frequency of
13.56 MHz are studied by solving the equivalent circuit
equation. The calculations determine a threshold voltage
ε for a given γ and α. The nonlinearity of the plasma-
sheath capacitance is the cause of PD in the RF discharge
system. It is observed that a further increase in the RF
voltage level beyond the PD threshold can lead to suc-
cessive stages of period multiplication that result in the
onset of chaos at a finite excitation level. The identifica-
tion of possible routes to chaos is also an interesting topic.
It is also noted that PD threshold measurements provide

a novel diagnostics for determining the plasma sheath
capacitance. The modeling of the functional form of the
equivalent capacitance, as in Eq. (5), provides fairly good
results which are in agreement with those form a particle-
in-cell (PIC) simulation [8]. Further study on an accurate
model for the dependence of the sheath capacitance on
the applied RF voltage and the driver frequency should
be pursued.

ACKNOWLEDGMENTS

This work was supported in part by Dong-A Univer-
sity, by the Korea Science and Engineering Foundation
(951-0201-025-2), and by the Basic Science Research In-
stitute Program, Korea Ministry of Education (BSRI-95-
2439).

REFERENCES

[1] T. Klinker, W. MeyerIlse and W. Lauterborn, Phys.
Lett. A101, 371 (1984).

[2] P. A. Miller and K. E. Greenberg, Appl. Phys. Lett. 60,
2859 (1992).

[3] P. A. Miller, L. A. Romero and P. D. Pochan, Phys. Rev.
Lett. 71, 863 (1993).

[4] V. A. Godyak, Soviet Radio Frequency Discharge Re-
search. Technical Report, Delphic Associates, Inc., Fall
Church, VA (1986); V. A. Godyak, R. B. Piejak and
B. M. Alexandrovich, IEEE Trans. Plasma Sci. 19, 660
(1991); V. A. Godyak, R. B. Piejak and B. M. Alexan-
drovich, Phys. Rev. Lett. 68, 40 (1992).

[5] M. A. Lieberman, IEEE Trans. on Plasma Sci. 17, 338
(1989); IEEE Trans. on Plasma Sci. 16, 638 (1988).

[6] T. H. Chung. H. S. Yoon and J. K. Lee, J. Appl. Phys.
78, 6441 (1995).

[7] D. Arbel, Z. Bar-Lev, J. Felsteiner, A. Rosenberg and
Ya. Z. Slutsker, Phys. Rev. Lett. 71, 2919 (1993).

[8] T. H. Chung, H. J. Yoon, T. S. Kim and J. K. Lee, J.
Phys. D29, 1014 (1996).

[9] S. S. Kim, C. S. Chang and N. S. Yoon, J. Korean Phys.
Soc. 29, 678 (1996).

[10] B. H. Park, C. S. Chang and Duk-in Choi, J. Korean
Phys. Soc. 28, 293 (1995).

[11] Y. Seo, E. H. Choi and H. S. Baek, J. Korean Phys. Soc.
28, 740 (1995).

[12] Kye Hee Yeom and Jae Koo Lee, J. Korean Phys. Soc.
28, 164 (1995).


